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why Monte Carlo?




monte carlo basics

- primitive: rand()

- pseudorandomness and seed
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- issues: non-independence, ‘rare-events’



monte carlo sampling techniques

basic methods

inversion

distribution-specific techniques (Box-Muller for Gaussians)

rejection sampling

importance sampling

advanced techniques (adaptive rejection sampling, SIR)
markov-chain monte carlo (MCMC)

- Metropolis-Hastings
- Gibbs sampling

- advanced techniques (slice sampling, Hamiltonian MC)



basic monte carlo techniques




warmup: simulating discrete rv

X takes values x; < xp < ... < x5, P[X = x;] = p(x;)

p(x)+ p(x,)+ p(x;)+ p(x,)+ p(xs)—
p(x)+ p(x,)+ p(x;) + p(x,)
p(x)+ p(x,)+ p(xg)

p(x)+ P(xz)




the inversion method

X continuous r.v. with pdf f and c.d.f. F(-)

- want to generate samples of X.

- F(-) non-decreasing == can define inverse F~1(-)

given desired cdf F (continuous, increasing), generate sample Xy ~ F as:
1. generate U ~ UJ0, 1].
2. return X, = F1(U).



intuition /proof for inversion meth
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inversion method example

generate samples of an exponential r.v. with parameter A, with cdf

l—e™ ifx>0
F(x) =
0] otherwise.



Box-Muller method ~ foc Gassien v

- generate Nj ~ N(0,1), N> ~N(0,1), Ny 1L Ny
- in polar coordinates (Ny, N>) = (R cos8, Rsin 6)
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the Box-Muller Method

(N1, Np) = (R cosf, Rsin8)
, and of R.

. where



rejection sampling

want samples of a rv X € [a, b], with pdf f(x) <M

rejection sampling
1. Generate Uy, Us ~ U[0,1], and set Z3 = a+ (b — a)U1, Zo = MU,

2. if Zy < f(Z1), return X, = Z3; else, reject and repeat




rejection sampling: proof of correctness

observe: P[Zy < x, Z» < f(Z1)] = P[(Z1, Z2) € shaded region in figure]




generalized rejection sampling




rejection sampling: running time in high dimensions




importance sampling

- given function ¢(-), want E[¢(X)] where X ~ P
- can generate samples Z ~ @

1. generate Z1,25,..., 2 ~ Q
2. compute , where w; = p(Z;)/q(Z;)




importance sampling: unknown normalization




importance sampling: comments
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(advanced) adaptive rejection sampling
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the Box-Muller Method

(N1, Np) = (R cosf, Rsin8)
6 ~ U]0,27], and independent of R.

R=/Nf + N5 = V2X,  where X ~ Exp(1)



(advanced) adaptive rejection sampling
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markov chain monte carlo




MCMC: the basic idea



markov chains: basic definition
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markov chains: steady-state

example:




markov chains: example (Mg:"\;& Hax lﬁod CL\»&;,»

the 1-d random walk




markov chains: reversibility (icl@q ‘bocowed’ '/NM f("z 5(19




Markov chains: the ergodic theorem
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Markov-chain monte carlo



the Metropolis algorithm B = more tovadon

- target distribution P(x) = P(x)/Z
- proposal distribution(s) Q(x|y), with Q(x|y) = Q(y|x)V x,y

1. choose initial Zy
2. to obtain sample t, generate Y; ~ Q(:|Z¢—1)
3. Z: = Y., with probability

else and set Z; = Z;_1



Metropolis for 2-d Gaussian




Metropolis algorithm: proof of correctness



Metropolis-Hastings

- target distribution P(x) = P(x)/Z
- proposal distribution(s) Q(x|y)

1. choose initial Zy
2. to obtain sample t, generate Y; ~ Q(:|Z¢—1)
3. Z; = Y, with prob

else and set Z; = Z;_1



Gibbs sampling

- target distribution P(x(1)7x(2),...,x(n)>
1. choose initial Xo = (Xo(1), Xo(2), ..., Xo(n))
2. to obtain sample t:

set Xt(l) = Xt—].(i) for I# /t

set



Gibbs sampling for 2-d Gaussian




Gibbs sampling: proof of correctness



