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normal-normal model (Gaussian rv with unknown µ)

• data D = {X1,X2, . . . ,Xn} 2 Rn

• model M: Xi i.i.d. from N (µ, ⌧), with unknown µ, known ⌧ = 1/�2

normal-normal model

- likelihood: p(D|µ) / exp
�
�⌧
Pn

i=1
(xi � µ)2/2

�

- prior: µ ⇠ N (Mµ, 1/⌧µ) / exp
�
�⌧µ(µ�mµ)2/2

�

- posterior: let x =
Pn

i=1
xi

n ,⌧D = n⌧ + ⌧µ and mD = ⌧�1

D (n⌧ · x + ⌧µ ·mµ)

p(µ|D) ⇠ N
�
mD , ⌧

�1

D

�

- posterior predictive distribution:

p(x |D) ⇠ N
�
mD , ⌧

�1 + ⌧�1

D

�



Bayesian linear regression

• data D = {(t1, x1), (t2, x2), . . . , (tN ,XN)} 2 Rn

• model M: ti =
PM�1

j=0
Wj�(xi ) + ✏i , where ✏i ⇠ N (0,��1)

Bayesian linear regression model

- likelihood: p(D|W ) / exp
⇣
��
PN

i=1
(xi �W |�(xi ))2/2

⌘

- prior: W ⇠ N (0,↵�1I )

- posterior: let mD = T�1

D ��|t and TD = ��|�+ ↵I

p(W |D) ⇠ N
�
mD ,T

�1

D

�

- posterior predictive distribution:

p(t|D) ⇠ N
�
m|

D�(x),�
�1 + �(x)|T�1

D �(x)
�



Bayesian linear regression: posterior prediction



Bayesian linear regression: posterior sampling



the ‘equivalent’ kernel

• data D = {(t1, x1), (t2, x2), . . . , (tN ,XN)} 2 Rn

• model M: ti =
PM�1

j=0
Wj�(xi ) + ✏, where ✏ ⇠ N (0,��1)

- prior: W ⇠ N (0,↵�1I )

- posterior: let mD = T�1

D ��|t and TD = ��|�+ ↵I , then

t(x |D) = m|
D�(x) + ✏D

where ✏D ⇠ N (0,��1 + �|T�1

D �|)

alternately, y(x |D) =
PN

n=1
k(x , xn)tn, where k(x , y) = ��(x)TT�1

D �(y)



basis functions and equivalent kernels



what are kernel methods?

• generalized ‘nearest-neighbor’ methods

• given data D = {(x1, t1), . . . , (xn, tn)}, the resulting model is

y(x |D) =
NX

i=n

k(x , xn)tn + ✏D

properties of kernels

function k(x , y) is a kernel of basis �(x) if k�(x , y) = �(x)|�(y)

this is true if k is

- symmetric k(x , y) = k(y , x)

- positive-definite K = {k(xi , xj)} ⌫ 0 for all {xi}ni=1
, n 2 N

some special classes of kernels

- stationary kernel: k(x , y) =  (x � y)

- homogenous kernel: k(x , y) =  (||x � y ||)



Gaussian process

distribution over functions G (x) such that:

- any finite collection (G (x1),G (x2), . . . ,G (xn)) is jointly Gaussian

- specified by mean m(x) = E[G (X )] and covariance

k(x , y) = E[(G (x)�m(x))(G (y)�m(y))] (where k is a kernel)

example: y(x) = w|�(x), with w ⇠ N (0,↵�1I )



Gaussian process examples

distribution over functions G (x) with jointly Gaussian samples, mean

m(x) = E[G (X )], covariance k(x , y) = E[(G (x)�m(x))(G (y)�m(y))]

examples: k(x , y) = exp(�✓|x � y |), k(x , y) = exp(�✓(x � y)2)



Gaussian process regression (noise-free)

• ‘training’ data D = {(t1, x1), (t2, x2), . . . , (tN ,XN)} 2 Rn

• ‘test’ data: x̃

• model: GP with m(x) = 0, kernel k(x , y)

• prior: (t1, t2, . . . , tN , t) ⇠ N
 
0,

"
KD k

k| c

#!

where KD = {k(xi , xj)}, k = {k(x̃ , xj)}, and c = k(x̃ , x̃)

• posterior: conditioning on data D, we have

t̃ ⇠ N
�
k|K�1

D t, c � k|K�1

D k
�



GP regression: example



Gaussian process regression (with noise)

• ‘training’ data D = {(t1, x1), (t2, x2), . . . , (tN ,XN)} 2 Rn

• ‘test’ data: x̃

• model: (x , y) ⇠GP with m(x) = 0, kernel k(x , y)

observation ti = yi + ✏i with ✏i ⇠ N (0,��1)

• prior: p(t|y) = N (y ,��1In+1) and (with KD , k , c as before)

(y1, y2, . . . , yN , y) ⇠ N
 
0,

"
KD k

k| c

#!

• posterior: conditioning on data D, we have

t̃ ⇠ N
�
k|(KD + ��1I )�1t, c � k|(KD + ��1I )�1k

�



GP noisy regression: example




