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entropy and information

rv X taking values X = {a1, a2, ..., ak}, with pmf P[X = a;] = p;

e outcome X = a; has information content:

e random variable X has entropy:

- only depends on distribution of X (i.e., H(X) = H(p1,p2,---,Pk))
- H(X) >0 for all X
Cif X AL Y, then H(X,Y) = H(X) + H(Y)
where HX,Y) 232, ) P(x; y) logs 1/p(x, y)
- if X ~ uniform on X, then H(X) = log, | X|; else,



the source coding problem

suppose we are given a database D = (X1 X2... Xpy), where each X; is a
letter in an alphabet X, generated iid according to X; ~ {p1,p2,..., Pk}

compress D into a codeword L = ¢(D) such that can recover D = ¢~ (L)

if X has entropy H(X), then for any ¢ > 0 and 0 < § < 1, there exists Ny
s.t. for all N > Np, we have a lossless code L = ¢(XN) s.t.



lossless compression via typical set encoding

iid source produces XN = (X1 X2 ... Xy); each X; € X has entropy H(X)

then XN is to be one of :

all of which have probability



practical source coding solutions

XiXo . Xy = d(X)B(X2). .. p(Xn)

XiXo. . Xn = o(X1)p(Xa| X1) (X3 X1 X2) . .. p(Xnl X1 X2 . .. Xno1)



symbol codes (Mackay chapter 5)




symbol codes

expected length of symbol code
let X ~ {p(x)}xex, and consider code C(-), and let ¢(x) = |C(x)|
the expected length of C is

what we want from symbol code C:
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— easy to decode

— small E[L(C, X)]



types of symbol codes

consider source producing
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the limits of unique decodability

Kraft-McMillan inequality
for any C = binary code over X, with ¢(x) = |C(x)|

moreover, for any {{(x)} satisfying this, we can find



the limits of unique decodability

Kraft's inequality: for prefix codes



Kraft’s symbol-code supermarket

Kraft's inequality: for prefix codes Y oxex el |

The total symbol code budget




Kraft’s symbol-code supermarket




optimizing expected code length

let X ~ {p(x)}xexr, and consider code C(-), and let ¢(x) = |C(x)|
the expected length of C is



relative entropy and Gibb’s inequality

the relative entropy Dk; (p||g) between two distributions p(x) and g(x)
defined over alphabet X is

Dra(Pl|Q) = Y- o) in (29

= q(x)



relative entropy and Gibb’s inequality

the relative entropy D.(pl|q) = D, cx P(X)In (%)



optimizing expected code length

- entropy of X:
- Kraft-McMillan inequality: UD code {/;}jcx} satisfies

Z = novmelinin, tontadt
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optimizing expected code length

let X ~ {p(x)}xexr, and consider code C(-), and let ¢(x) = |C(x)|
the expected length of C is
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relative entropy and Gibb’s inequality

the relative entropy Dk; (p||g) between two distributions p(x) and g(x)
defined over alphabet X is

Dra(Pl|Q) = Y- o) in (29

= q(x)



the function ¢(x) = x>« |°aﬂ'—




relative entropy and Gibb’s inequality

the relative entropy D.(pl|q) = D, cx P(X)In (%)



optimizing expected code length



optimizing expected code length



aside: cross entropy

the of p given g:
— avg length of message from if 'p mis-estimated as g’



Huffman code

consider



Huffman code

consider
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aside: information content in a perfect code

let C be a perfect code for X, and given database X1 X5 ... X, suppose we
pick one bit at random from the encoded sequence C(X1)C(X2)... C(Xy).
what is the probability this bit is a 17
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