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Chapter 6: Intro to Bayesian Statistics

el A5, 2071 M(\,‘m \AQD\ - AS.SVLWQ (9 s C‘moa VOV
Sid Banerjee, ORIE, Cornell Q@ d/i\s\rl \D\A*?Sn
|
9
el 5| Sala j e B

w Reown fw‘wwjg'so tmode\ ’ /gg.( \A\m’\' S \‘\“\"k‘\mv‘






marginals and conditionals

let X and Y be discrete rvs taking values in N. denote the

: computing individual pmfs from joint pmfs as

: pmf of X given Y = y (with py(y) > 0) defined as:
/ JOMY
~ Wna\\ﬂb«\

more generally, can define P[X € A|Y € B] for sets A, B € N
see also this



the basic ‘rules’ of Bayesian inference

let X and Y be discrete rvs taking values in N, with p(x,y)

hieg)= @+ Wy, K vy = WY & HeY)

for x,y € N, we have:

HOY= WO+ Z, P W)

for x € N, we have:

and most importantly!
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for any x,y € N, we have: /}\__:[\5
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see also for an intuitive take on Bayes rule



fundamental principle of Bayesian statistics

?vaku‘u'\\;s\‘.‘c.
assume the world arises via an underlying

use|random variables to model all unknown

incorporate all that is known by conditioning on

use Bayes rule to
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pros and cons

— conceptually simple and easy to interpret
— works well with and

— can handle : no need for different estimators,
hypothesis testing, etc.

— they need[j(subjectivity...) L\Wﬁ A\ ecthd e ae Qulgéeéme.;.)

— they may be more : computing normalization

constant and expectations, and updating priors, may be difficult
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basics of Bayesian inference




the likelihood principle

Ln“q,\ i &(‘Qn\
given model M with parameters ©, and data D, we define:

_—

— the prior : what you believe before you see data J"f"‘;‘f
— the posterior : what you believe after you see data o;: o)
— the marginal likelihood or evidence : how probable is the data

WY | under our prior and model

&\g&n Y o Q o H Lot tod—tHhenoyviq. e
— the likelihood: :summarizing data
the likelihood principle (e ayiomaic. besis for Dagesian HL\

given model M, all evidence in data D relevant to parameters © is
contained in the likelihood function £(©)

this is not without controversy; see



REMEMBER THIS!!

given model M with parameters ©, and data D, we define:

— the prior : what you believe before you see data

the posterior : what you believe after you see data

-— .

the marginal likelihood or evidence : how probable is the data

under our prior and model

the likelihood: : function of ® summarizing the
data

likelihood X prior F(e)m»/(): EE\E’\) P(QIM)
evidence F(b\M
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posterior =

also see:




Noles
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example: the mystery Bernoulli rv

e data D ={X1,Xs,...,X,} € {0,1}" e, 0[x=(1=©
e model M: X; are generated i.i.d. from a Ber(@) distribution

fix 0; what is IP’[D|./\//l€]9 for any i € [n]? I,d N - { Te '\B] Nt Ne= n

No =t of s inD
- Pl e m gl = B (1-
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let ® = # of ‘I'siin {X1, X5, ..., X, i what is P[H| M, 6]

N
Pl wlam) = (1) ¢



the Bernoulli likelihood function

e data D = {X1, Xo,..., X,} € {0,1}"
e model M: X; are generated i.i.d. from a Ber(#) distribution

likelihood: : function of ® summarizing the data
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log-likelihood, sufficient statistics, MLE

LN = log Ale) = Nilgd o« u;\odgu_e\”
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cromwell’s rule

how should we choose the prior?
the zeroth rule of Bayesian statistics
never set p(6|M) =0 or p(f|M) =1 for any 6
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also see:
— Jacob Bronowski on
— Richard Feynman on (at Cornell!)



from where do we get a prior?

e data D = {X1, Xo,..., X,} € {0,1}"
e model M: X; are generated i.i.d. from a Ber(#) distribution

option 1: from the ‘problem statement’

— eleven urns labeled by u € {0,1,2,...,10}, each containing ten balls
— urn u contains u balls and 10 — u balls

— select urn u and draw n balls with replacement,

obtaining ng and n — ng balls
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from where do we get a prior

e data D = {X1, Xo,..., X,} € {0,1}"
e model M: X; are generated i.i.d. from a Ber(#) distribution

option 2: the maximum entropy principle
choose p(0|M) to be distribution with maximum entropy given M
we know 6 € [0, 1]
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from where do we get the prior, take 2

e data D = {X1, Xo,..., X,} € {0,1}"
e model M: X; are generated i.i.d. from a Ber(#) distribution

option 3: easy updates via

- prior p(@) is said to be to likelihood p(D|6) if corresponding
posterior p(6|D) has same functional form as p(6)

- natural conjugate prior: p(#) has same functional form as p(D|0)

- conjugate prior family:
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the Beta distribution

Beta distribution

- [0 1], parameters: © — (o /)« (‘4 ones'+1,'# zeros'+1)
- pdf: p(x) x x*71(1 - x)f~1 &—  Sama [ovan as o Bermsulli

1 _ (a+pB) ([L‘Q‘I‘LOOJ l
a,B) 3

- normalizing constant: B




