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example: clustering points in R2
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supervised vs. unsupervised learning



latent variable generative models



the Gaussian mixture model

• data D = {X1,X2 . . . ,XN} 2 Rd

• each point Xn has a latent cluster label in {1, 2, . . . ,K}
denoted by Zn 2 {0, 1}K ,

PK
k=1

zn,i = 1 (1-of-K encoding)

• latent variable: Zn ⇠ Mult(⇡1,⇡2, . . . ,⇡K ) where
PK

i=1
⇡i = 1

data: if latent cluster is k 2 [K ], then Xn ⇠ N (µk ,�k)

• joint likelihood:

p (X ,Z |µ,⌃,⇡) =
N�1Y

n=0

K�1Y

k=0

[⇡kN (Xn|µk ,⌃k)]
zn,k

• log-likelihood of data:

log p (X |µ,⌃,⇡) =
N�1X

n=0

log

"
K�1X

k=0

⇡kN (Xn|µk ,⌃k)

#
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the responsibility function

given a Gaussian mixture model with known {µk ,⌃k}k2[K ], and any data

point X , we can associate a responsibility parameter to each cluster for the

point to be the probability of the underlying latent cluster

responsibility

�(zk) = P (zk = 1|X ) =
⇡kN (X |µk ,⌃k)PK
j=1

⇡jN (X |µj ,⌃j)



GMM: maximizing the likelihood
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GMM: maximizing the likelihood (for µk)

log p (X |µ,⌃,⇡) =
N�1X

n=0

log

"
K�1X

k=0

⇡kN (Xn|µk ,⌃k)

#



GMM: maximizing the likelihood (for �k)

log p (X |µ,⌃,⇡) =
N�1X

n=0

log

"
K�1X

k=0

⇡kN (Xn|µk ,⌃k)

#



GMM: maximizing the likelihood (for ⇡k)

log p (X |µ,⌃,⇡) =
N�1X

n=0

log

"
K�1X

k=0

⇡kN (Xn|µk ,⌃k)

#





problems with MLE for GMMs

log-likelihood of data:

log p (X |µ,⌃,⇡) =
N�1X

n=0

log

"
K�1X

k=0

⇡kN (Xn|µk ,⌃k)

#



problems with MLE for GMMs

log-likelihood of data:

log p (X |µ,⌃,⇡) =
N�1X

n=0

log

"
K�1X

k=0

⇡kN (Xn|µk ,⌃k)

#



MLE for GMM: an alternate viewpoint



the EM algorithm



EM algorithm in action
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