Mackay’s bent coin lottery: solution
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(lossy) source coding theorem for binary sources

given XN = (X1 Xz... Xy), where each X; ~Bernoulli(p)

)-lossy compression

L = ¢(XN) defined only for XN € S5 s.t. P[Ss] > 1— 6
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(lossy) source coding theorem for binary sources

given XN = (X1 Xz... Xy), where each X; ~Bernoulli(p)

)-lossy compression

L = ¢(XN) defined only for XV € S5 s.t. P[Ss] > 1 -4

- d-sufficient subset Ss: smallest subset of {0,1}V s.t. P[S5] >1—6

- essential information content in XV: Hs(XV) £ log, |Ss|




(lossy) source coding theorem for binary sources

given XN = (X1 Xz... Xy), where each X; ~Bernoulli(p)

L = ¢(XN) defined only for XV € S5 s.t. P[Ss] > 1 -4

- Ss: smallest subset of {0,1}"N st. P[S;] >1—6
- in XN: Hs(XN) £ log, |Ss|

if X has entropy H(X), then for any e > 0 and 0 < § < 1, there exists Ny
s.t. for all N > Ny, we have



(lossy) source coding for binary sources: intuition




(lossy) source coding for binary sources: intuition
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lossless source coding




from lossy to lossless compression

given XV = (X1 Xa... Xy), where each X; ~Bernoulli(p)
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from lossy to lossless compression

given XV = (X1 Xa... Xy), where each X; ~Bernoulli(p)

if X has entropy H(X), then for any ¢ > 0 and 0 < § < 1, there exists N
s.t. for all N > Np, we have a lossless code L = ¢(XN) s.t.

r\rom ]as‘\ S)(ole

FIEo) = (N () + N.(8)
= N HLx} + Né(\—uﬂ@)

_—

NO as SN0
T NH) g 2 3



lossless compression via typical set encoding

2 g 3
iid source produces XN = (X1 Xz ... Xy); each X; € X has entropy H(X)

then XN is to be one of , ({bpfu.)d-a\
all of which have probability
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visualizing the typical set

N =100

P(x) =pi(1—p)N "

log, P(x)
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visualizing ‘asymptotic equipartition’

log, P(z)
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1111111111110 ..11111110111

0000100000010. .. 00001000010
0100000001000. .. 00010000000

0001000000000. . . 00000000000
0000000000000. . . 00000000000




practical source coding solutions

XiXo . Xy = d(X)B(X2). .. p(Xn)

XiXo. . Xn = o(X1)p(Xa| X1) (X3 X1 X2) . .. p(Xnl X1 X2 . .. Xn—1)



E%Jw‘“a Aistzmoc]'




symbol codes

expected length of symbol code
let X ~ {p(x)}xex, and consider code C(-), and let ¢(x) = |C(x)|
the expected length of C is

what we want from symbol code C:

- VYV X9X0 ... Xn £ V1Yo - - - Yn, We have N
Cx1)C(x) ... Cxn) # C(y1)Clys) - .. Clym) & loss

— easy to decode

— small E[L(C, X)]
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types of symbol codes Hb‘\" |.95

consider source producing
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prefix codes (Uﬂvic.(o‘e ’0"5“" c‘vua\a a_uoibz /Jebali.a‘

P rt{ix "g veg

E):). 35

uniga(ia decndeble

RELS



the limits of unique decodability

Kraft-McMillan inequality
for any C = binary code over X, with ¢(x) = |C(x)|
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moreover, for any {{(x)} satisfying this, we can find
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