
/%kooChainConvergen
- Total variation distance & coupling
- MC convergence theorem
- Mixing times via [

coupling
L strong stationary times

- Markov chain Monte Carlo
- Perfect sampling J strong Doeblin cand

L coupling fromthe past



THMD (convergenceThem for finite MC ) Given finite MCP
that is irreducible

,
aperiodic & positive recurrent,

with stationary distribution IT. Then F at G.B
and C > O s

. t
.

Ifaf Hpt Gg . )
- ITHiv scat

wefiwthisfgfinitestatecha.ms
If - Since P is irreducible

,
a periodic ⇒ F r ⇒ 1st.

Pr 70 lie
. 15kg's >of a,y Ex) . Thus far some 8>0, we have
Prtc, y) 3 SIT ly) fogy C- X

- Let a = I - S .

We can write PEC - d) HIT IT -199
,
where Q is

a stochastic matrix
,

and we denote MIItht = f '

II )
I

-
Now we claim : tf k > I

,
Prk = d-AMIT+ akQk

Can show this by induction - suppose the fete, then
prem = prkpr = (High + dkQ4 KI-HIT that
Since MIT = IT →

for any stochastic
= (thb)IT + a4th)IT + a ktfokt'

matrix M = 4.2kt') IT + yhtt Qk
"

- Thus Prk 't 'd - IT = Ok ( Qkp 'd
- it )

Now for any xEX , we have that

H prhtifxo
,
. ) - ITH tu S N

k

This follows from the fact that Ha - Mtv -- Hh - 01h12 , and since
11 Qkpi La, - I - ITH , C-2 for stochastic matrices Q, P Me



• The total variation distance between any
two probability distributionsu and O on R

is defined as Hu - Ntv = says that - OCHI

• Properties of Hp - O Htv (or div Lee, o) )
i) Hu - O Hiv = '

z Ies lulus - 0441 = flu- oh.
ii) HM - O Htv = Er, in,

044) test function

iii) Hee - o Htv = Iz sup {Ethan -EfHOH H#si)
⑧

• A coupling of 2 probability distributions
F- and G is a pair of r. o (X , Y) defined
on the same probability space (R, F. IP) st .

Hogg
,
IP LX Ex] = Ftd

, lptky) = Gly)
g

- In other words
,
we
'

design X and Y so
that they have the correct marginal distr
( but can have any joint distr)



Ef - F n Ber ( p ) , G - Ber ( plz)
coupling I - X - Ber (p) , Yu Ber (plz) independently
Coupling2 - X n Ber Cpt ; If X -- O then Y = O, and

if X = I
,
then Y - Ber (Yz)

lieixii=÷÷
Lemma (the

'

optimal
'

coupling ) . Let µ and D be two

probability distributions on D .

Then

Hu - o Hiu = in f {PGt'd l kid is a coupling of hand 04
Pf - Intuitively the proof is as follows

y
HH 041 II

IT a

Given Mla) and d 'la)
,
we can plot them as above

Now by defn , the area of regions I and II ane Ith-Aku
,and area of II is t.lk- O Htv . Now we sample fan II w . p

I - H p - utter and set X -

- Y
,
else . sample X front ad YfonI



• Formally , for arbitrary ACR ,and Xue,Yu O
lpfx # Y] > IPIXEA ,YEAT -- PLXEAI - PKG EAT

7- PIXEAI -PLY EAT
= µCA) - O CAI

Thus Hu - oh-v S int ElpGt'D Kyyy) coupling off ,O)
• To show equality , we construct coupling
(X
,
y) as follows - let UEEO,Bad -2

,V. WER be
independent r

.

O
. defined as

U = Ber ( l - Hee -MINI
Z = Pff -- i ] = (relink) )ki- Ha - OHN)
V = lP[V=iJ = full - Ni) )th th -Mtv
W = IP [Wei] = ( O Lil -Mint / Itu- D Htv

• Now let kin -4¥
.
if '

o

Note that Vt w ⇒ PGH ] -- Hu-Mtv
,

and

PG -

- it f.HH-Mitt Hdtv Y
'

similarly=M¥Ly= i] =D lil Bdo



THMD (convergenceThem for countable MC ) Given Pon countableX
that is irreducible

,
aperiodic & positive recurrent,=

with stationary distribution IT. Then txtX
tim Hpt (x, . ) - ITHtv = O

If - Consider the 2-dimensional MC (Xt
,
Ye) defined

as FKK.es#D=tiiiTKxeiH--li,jD=PGi7PCiiDti
, iii.I

- Can view this as 2 particles starting at Xoxo,
Xi -- K, and evolving independently

- Claim - P irreducible
,
aperiodic ⇒the joint chain (Xt

,
Yt) with

transition To is also irreducible and aperiodic (check ! )
- Also # (i

, j) -- IT (i)lTLj) is a stationary distribution. for B !
⇒ FisanevgodicMCwithstatdistT#
- Now let Te -- int { t >Ol Xt = Yt 's (4711-7)
Claim - for any µ,O , we have PfkCa]

-

- I
.

748
This follows fromthe fact F is ergodic, and since Tc
is the hitting time of set A = {kpc) Ix C- I }



- Next
, funny pair of dist ,

we can construct

coupling (Xt ,Ye) , where Xorn , Yoo ,
and

the chains evolve as ( t Li
,
j ) EX? Li;j)EX)

Pl Hea,Yt.) -- fist I txt,¥HiisD=fPliii) Pli . it : it'sPli
, Hi s ;i=j

- From above
,

we know coupling time I is as. finite
- Now using this claim ,

we can prove the theorem
as follows .

Recall P ergodic⇒ unique stationary
distribution IT

.

Now let D= IT
,
and
µ
-

- Sc
(ie
,
Xo = x) .

Then we have

11 Pt( x, . ) - IT Htv EPs
.
Exttilt]

= Psa
,
it [ cc > t]
<

and I alps.# fee> t] = Ny) ftp.P.ykistt-O
- Thus ¥+11 ptlx, . ) - IT Hr = 0 the EX

DB

As a result
,
IT is often referred to as the equilibrium dist



Mixing
we know use the above idea to understand how
' fast ' TbtPt converges to ITT.

Def - For ergodic MC P with stationary distal ,
we define t t 30

It) = ;ygyHP%ci) -THT r d

IH ; " ptc.is - pygmy. &÷÷÷g)
• Lemme - It) E ICH E 2ND

PI - for the upper bound , since 11 Hiv is a norm
,

we have by A inequality -

n.gg/lPtGcitPtGiHivEmgg(llPtlxiltTHivtHP4y;HTHtu)
E 2 mgy HE Kai

) -THiv = 2day

- for the lower bound
,
note that t A EX

,
ITA)=¥xTHPtGA)

⇒ llptlx;) -IT Hiv = safe I PTGYA) -IT LAH
= Ejaz I fitly) (ptk.at -Pt ly,ADI
⇐ gizzard lptln.AT

-Fly,AH -- Itt)
,



• Lemmy - Ils et) SIG ICH t s ,t 30

Pf- Fix x,y EX , and for any s30 , let (Xs,Ys)
be the optimal coupling of pkg .) ad Pt ly;) ,
it
, Xsnpskg.si/snP4y , .) , 11 P%g .) - Bly;)thePLXEHD

. Noo psttlx
,
w) = § pus -- z] Ptfe,w)=E[P4XgwD

similarly Psttly , w) = E [Pt (Ys, w)]
⇒ psttfa , w) -psttfg, w) = Efptlxs, w) - Pt (Ys,D]
(Note - we can do this as Xs, Ys are onthe same (BTP))
⇒ 11ps

-' the;) - patly , .)Ifv = I § lpsttfgu) - PstYy, o) I
= E[IElptlxs,D -PYYs.ws/)
= E[Hptlxs;) -PtHs, DAD

- However i ptlxs
,

.) -- Pt (Ys , .) when Xs --Ys
,
we have

11 psttfx;) - Patty, .Hus Itt) E[Hustles]
= Itt) IG)

Thus
,
I H ) is sub multiplicative ⇒ DGHEIKHEIthe



• DefCMiscingT.me#- For any ? and E>0
a tmi. (E) = inf { t> old Ee}
.
tmix = tnix (44)

• Why Ya ? Using previous lemma we have

dlltnixk Illtnixkfdttn.DK#-nxHE2--t=)tmixle)ElfogdYd7tmix-
• We now want to understand how tmix behaves

them-

Mixing from coupling) Let (Xt,Yt) be a coupling sit .
Xo = a

,
Yo -- y , and if Xs -- Ys then Xe --Yttftzs .

Define Toupee = int { t 301 Xt -- Ye} .

Then we have Ift) ⇐ lBgy[Tcoupk > t]
Pf - ptlx , z) =P,gy[xt=z]

,
ptly ,z) -- 1%7=21

⇒ for coupling *Yt) , Hpttx;) -Pty,Hku ftp.yfxtthif
Also lP[XttYt]=P[Zcaple > t]

,
and we are done !



Ez - Lazy walk on circle - X = { 0,1, - .

,
n-B

Z t = {
-

o

' YI ,
Xte , =Htt Zee) mod n

1 up 44

• Check that IT = (Yn Yn . . . Yn )T

• Coupling ④tilt) I Xo = x
,
Yo = y

- At time t
,
let we = Berth

.

. If Woo =L ⇒ Xe = Xt -i t l wp Yz

We ⇒ ⇒ Yt = Ye -i t 1
up 42

- If Xs -- Ys then Xo -

- Ye t s3 t

← Let Dt = clockwise distance beta particles att,
- I = min LtZo l Dt C- {0 , n33 = Couple
- tf,y[I ] = k (n- k) ,

whee k -- clockwise distbethgy
-

from gambler 's ruin - Solves Et4k]= It ELEKlktift EEK-D)
⇒ Ittf Emg Pa,flame > t] Enax GET]

Nyt
⇐ Feta . .ms k¥-4 = IIe

Thus if t > n' ⇒DAHI HIS Ya
⇒ tmix S h

-

Dh



Ef . (the
'

winning streak
'

chain)

;
-7¥ ¥'h

q⇒•z ya

Xt# ={min (Xt -11, n) wp Yz

O w p Yz
- let Xo = x

,
Yo -- y , Zen

Ber 144

If Zt = I
,
then Xt --(Xe -it 1)An

,
Yt = (Yt -it 1)An

tf Ze =0
,
then X e = Yt = 0 !

⇒ PLTcouple >t] E 2-t⇒mix€!
. Note that IT fit Yzi" if it n -I, Yzma if i -- n
. Next consider the reverse chain P

y. . .0797¥ ya
•Dk

n-I n

- IT (it 2- (
it"""

⇒ Bfi
,
i- it -1

,
Flynt. Ekin-1=1/2 and

Flo
,
i) = IT ti) toEi En

- If Xe = O ⇒ Xtt, ~ IT to Now
suppose Xo -- n ⇒ MC

spends Kubeon turns at n
,
then reaches 0 in n- I turns

,
then mixes

.

Also FYnil = IT ⇒ HT. -- IT t t > n !

Finally F
"(nil -- Yz ⇒ In-it > HE't.tt Hiv > Yz⇒¥i



Ege- Random walk on the hypercube - X -

- {0134 Hamming
← distance of l

- P (x
,y ) = Yn if x and

y differ in 1 bit
,
else Of

- Lazy RW on hypercube - Pla, a) =Yz
,

Pln
,y)
= Yzn ifdata,yH

- IT (x) = Yzn f : 1×1=2"
,
by symmetry /doubly stoch)

- Alternate description for 42W - Pick index itch] war
,
flip bit Xli) up Yz

- Coupling (Xt, Yt) = Given txt
,
Yt)

Pick index Ite , C-Cn] war
,
and I { 0,13 wp 42

Set Xt#(It) =Halit) = 2- th

- Note - du (Xo
,
Yo) E h ⇒ Iouple S

'

coupon collector
'

on n bins

⇒ Ethan.ie] = n Hh ⇒ ICH E Etwmdetlt ⇐ nHtt

=) tmix I 4h Hn (can be improved to Yen Inn )
.

Fdcoupliy-FMMCXFXU.ua
always construed a coupling ( Xtti ,Yea) = (fat,Utt!HttUtd)
-
This is a generic way to construct a coupling for
any chain ! let gives a standard way to measure Te

Te zig { ft
- -Hflxo

, Uhud . .
-Net ft . - ffffyo.ud.us. . .it/f

- Note that this is not always easy to compute .
However

this gives us another approach to computing mixingties



strongstationavyT.my
• Suppose MC has representation Xtei = fat,Zen) for
some iid sequence Ze

Def - ( Randomized StoppingTime) - A random time T for MC
Xt is a randomized stopping time if its a stopping time for Zt
Def - ( Stationary Time) For MC Xt with stationary dist IT,
a stationary time I is a randomized stopping time (possibly
dependent on x) s

.

t 113¥ = y ] = ITCy)
- thus

,
a stationary time is in a sense a signal that a chain

has mixed
.

However
,

to band mixing times
,
we need

a slightly stronger definition.

Deflstragstafionwyh.me# - A strong stationary tire for Next
is a randomized stopping time , possibly dependent on starting
state xsttyt : PIT -- t

,
Xe -- y] -- Pathet] Ily)
#

Why the stronger defn ? Consider a r w on n-cycle , and
the following E : Wp Yn ,

set E- O
,
else set E- infft 301

every state KEX visited once 3 .
In the latter case

,
the terminal

state is uniform over Xiao ⇒ p[Xe=Ef=Yn tooEX! However
I# Xe , as Teo ⇒ XE -- Ko !



.tw#-ForXtergodicMCwithstatiaaydist-
IT
, if I is a strong stationary time ,

that t 30

PIT Et ,Xt = y] = Pocket]IT ly)
Pf - Let Zi, Z, . . .

be the sequence in the random mapping .

For
any SET

Rufus
,
Xt --y] =¥×Px[Xt=yk=s, Xs =⇒Pales,Xs=z]

'

: I is a stopping time for Ze , the event {Es} is adapted
to NZ

,Zz . . .,Zs)
,

and Xsxr =fIXs
,

Zsa
,
. .

.

,
Zstr) for sore

fr fr .

Also since (Zi, . . . ,Zs) I (Zsa, . . . , Zstv) ⇒

Pdx e -- y IES, Xs = If = BaltesG, Zsa, . . ., zet-ylxs-z.KZ, . .,Zs))
= Pt

-sfz ,y)
⇒ by definition of strong stopping times
Pxlxt -- y ,I -- s] = Ex pts (z ,g) PIE DIT Lz)
Also since ITT p = IT

,
we have that the RHS

is IT ly) Patt -- s]
.

Now summing over all

SET
,
we get the result *



• Now to use strong stationary times to bound tmix
,

we need
an additional definition .

Defn(SeparationDistan# - For any sgt . givenM.cl?defiesaLtl--TExII-PI4jII,sH--naaexxsxH
Lemm=-HP4x;l-ITHtvE
Pf - Hptlx

,
. ) -Thru = I (Thy) -pthyy) )

yexl
ptfgy#ly)

= E ft - PITY) Ny)HITly )
> Pth

,g)Ex.. smh "Mathilde 's ⇒ yqtlyymgxftp.#gfHsxHlE*LeX-fCisastragsktiewytiutkSxCH
E Pe [T>t]

Pt - For ayxex, I - PII;D = I - Petey;D El - Pn4zAHy )
by the earlier lemma, IBIxt-y.EE] -- Pfost] IT ly) Bo

T.iq#fxEXsfatinwgtmTHptlx,D-tTHtvE Pak > t]



Markoochainshsampling
One of the most important uses of MCs is to sample from
complex distributions

.

• If we want Xu F fir some known Fen IR
,
then

given Un Uniffo,
it
,
can set X = F-

'

( ul III.if)
• If we know pdf f for X ,

-
-
-
-

,

"t÷÷:÷÷÷÷÷÷÷¥:÷¥.
-
-

-

- i
-

-the box
,

and set X = k if y Efta) ,
else sample another (n,y) . . .(rejection )¢

importance sampling) sampling
• Suppose now we want to sample something more complex
-Given GG

,
EJ
,
sample a spanningtree uniformly at random

:

- Sample x EX for some complex X , proportional to seeglue)
( i.e.
,
up 2- 864, where Z

= Ight doc may be unknown)
- Sample a random independent set X of GCV,E)

,
proportional to 7

"

• Markoo - chain Monte Carlo (MCMC) is a set of
generic techniques that let us do this !
- idea - Set up MC set IT = target dist ? Run till mixing . . .



• MC MC recipe
-

• IT = target distribution
P I sampling algorithm (typically reversible)
Q = Candidate - generator matrix

(some given random walk on X )
- Given state x EX

,
generate candidate y wpQGy)

I
Accept yup Ala,y) = Play)/QCa,y ), else stay at a
Run till b MC has mixed sufficiently !

• We want Pst Pln
,g)IT (a) =P ( y ,a) IT ly) Ha,y

Q set
.

it is ergodic, easy to sample from .

#

Examples of P -

D Metropolis Algorithm - the , y)
-

- min ( l, I,I¥¥!j))
2) Barker 's Algorithm - Na

,yt-ITGIQ-y.nl
ITG) Qlg,a) tTHQTy)

3) Gibb 's Algorithm - If we want IT (oddity . .
.

,
odd) )

on set X = Ad
,
A countable

,

we first choose I war on Cd]
,

and set XLI ) → y wp IT ( y local, - - -RCI-D , xktD, . . .pe/d))



inverse

Eg - Given X ,

and
'

energy function
' Corafitness f)

h :X → IR
,
we want IT Gc) = e- hGYz

,

where

Z -- ¥×E"" = partition function
- Suppose Q has stationary dist ITH
(For example

,
choose Q to be doubly stochastic)

- Metropolis : Nu, y) = min fi , e- Chad
- HH) )

⇒
Pln

,g) ITH -- Qin
,g.) mint , e- """") . e-"⇒

, Q¥yQlyI
Ply ,a) IT (g) = Only;) min fi , e-

Chu -"H)) . e-hey )
1×1

- Barker : L (n,y) =E
e-htt + Ehly)

⇒
P kid ITH -

- QHHEIIT.ua -
e-""

, Qfyy÷=Q¥Ply ,a) Ily) = Qlypg e.E.IE?agje-hGl txt

- For any reversible Q with known stationary
distr IT

,

we can modify these to get desired IT
io¥ii¥¥.



Ef ( Glauber dynamics / Gibbs sampler)
For undirected graph GLYEI,a proper g - coloring is a function
x : V→ Lg] lie

,
element of GT ) s

.
t Holt xlw)

t @, w ) EE . We also denote NUHwho,DEE}
(neighborhood of o)

- Aim : select proper g-coloring a.a.r
.

- Gibb's sampler - select Vt EV uav

- select color EEG] war for
'allowable colors ' A =Lj : adust j f WENlol}
- set X

te .(Vt) = Je
t

- P ( x,g) = Ti - Hotel
Note though that t

' adjacent ' configs a,yE[qT
we have I Aulnll = I Aolyll .-

Thus Pln
,y)
-

-ply ,a) t adjacent n,y ⇒This uniform( x
,y are adjacent if solo) =y Co) to except one

9¥ :p! I sissies
x

Ady) = {1,5, 6,73
y



Perfect sampling
-

• The MCMC method thus gives us a way
to sample any IT Gia a MC . However

,

how do we know when to stop ?

estrongdoeblincondition.Fov.ua#finiteX
④Ggg)]

rNooweanwritef.fi?:::IgFEI-4mYk--akfH,.R
stochastic

a- to
⇒ D= a (ITA t d- a) R

,

R stochastic
,

I =

- )
Now ITT p = ITT ⇒ HTT (fo) ) t d -d)IT R) =D ft th-ATR
⇒ ITI#I - C-HRT ' = EI kata o' Rt (as RIKI -a)

t-EN.yfRN-YY.IT/N~GeomKl,YnQindepad#
• Alge( strong Doe -blin Sampler?- Sample Xo- O

,
N- Geom(d)

, independent
Output XN - I

•THI - Xu
- a
NIT ( ie

. ,Xn - i is a perfect sample font)



Eg - ②T⑦Dk is :(% it-H;)
main Pln,yl : O 'k

• For this example - O = (9) , a = Ya
.

ssetxo-lb3.N~Geomthl.oufputXN.IT
' Cy - PageRank MC ( B 'EE:TI: III's.)

- Given graph Gly,E¥
,

set O = I ' In
, AEGi) (Typically 0.2)

- Ket , = Wp th, sample OEV u.a.r{else move to random neighbor of Xt
P = A IT -0 t f- a) D- ' A ← Adjacency matrix

✓← WE random walkt diag Pdo. .
.) matrix

-
Can set any -0

. Ey . OI @it = It go.is = Personalized PageRankforno#
. Problem- -8170 ,

Not true for many
MC

.

• Idea behind CFTP- Use Xt = f-(Xt -i
,
Zt) and the grand coupling

i.e. - Choose 2-
" Z. . - - St fff.it#flxo.Zd.ZdiH..Zc)

is equal for all xofotof.E.info
• A more convenient way to write the

'

random function'

representation is as Xu,
= G (Xt)

,
where GC -l is

a random function at Gen { gif ) up pi } .

t



I

Eg - for 10=4%4
,

let g. Get -ftp.izqg.int#;:-;Xt+i=gfxtIwPK
a random for representation{ gzfxttwp 'k "

Sf, Xe
-

- Now fix a labelling of time C-A . . . . . -2, -10,12, - - - a)
,

with some arbitrary
' current time ' O

. Let G!
be the composite fu Gmo Gj -to .

-
- o Gil . )

,
ie
, the

evolution of the MC from Xi → Xj . In particular
- Got = Gee o Ge -z O - -

- O G , 0 Go (forward simulation)
G-I = G-

- i OG - z o .
.

. o G.*of . ⇐
(backward simulation)

• Similarly we can define two
'coalescence tines'

Forward
IF = inf { t DO I Got 64=60487Va, y EX)coalescence{ Reverse ! Tr = inf { t Zo l GI Gd -- GI.ly) th , yEX}Coalescence

- In other words
,
TF is the stopping time when all initial

states coalesce in the forward simulation 's Er is the

stopping time when all states at time -Tr coalesce atO
in the reverse simulation . We see an example below .

• Note Te n IR lie, they have the same distr)



Ef - consider P -- (Ek) , 864--18 a ,gdnt{b ;
- Icoupling - Ge

-fog 's '

% -

↳ : :*:*:
" EEZ 2¥

• IF - Geom th)
,
XIE -- b

.BA#tcnP8
×, Xoin E ' Ii a a

⑥Iii# b ⑤⇐ b

Tr=2 81 82 Tal g ,

Xo=a Xo = b

Again TR - Geom(Yz) . However , Xo
-

-

ai Crees
bi TR odd

⇒ Rko -- b) = Yz tht - - -

= '¥a= 2g 'Ttb) !

Thus we observe -

i) TF - TR
ii) GIF (x) =b (not NIT )

,
GIGI -IT

this procedure to compute GE
.
is called .LI#IFast(CFTP)



-ICFTP.pro?isonf- Assuming Er is finite up !
then the constant value Zia = G-I(x ) has distribution

Zia ~ IT
"

Pf - Let Ir -- info { GI lat -- GIGi) V-x.siEx}
Tri --

i. info { otitis G
'

-elastance}
Since ER is finite wp I ⇒ Td is also finiteup !
and Zia and Z

-

'
a one well defined

.

- Now we couple GI and IIe to use the same
^

IGhtk
,
ie . G

- f
= Go O G

- i 0 Go . . . O G- ta OG - t

GI = G
- I 068" . G - ta OG - e

- Let E'
a
= EE, 6) , Zia -- GI. 64

Then ZIN ZI (by coupling) ,and Eta = Gotti)
°

.

.

G is a random fn representation for P, this
means E's ~ 2-I ~ IT f : IT is the unique
distr sit if XNIT ,then G (x) - IT) . B


